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Abstract
In this paper, we first investigate some basic properties of remotely almost periodic functions and then show the existence and
uniqueness of remotely almost periodic solutions to systems of differential equations with piecewise constant argument.
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1. Introduction
Differential equations with piecewise constant argument describe hybrid dynamical systems (a combination
of continuous and discrete) and so combine properties of both differential and difference equations. They have
applications in certain biomedical models and are widely investigated by many authors (e.g. see [1,3,5–8,10–12]
and references therein). In particular, authors in [1,4–8,11–13] studied the existence of almost periodic solution and
pseudo-almost periodic solution. Sarason in [9] defined remotely almost periodic functions. To our knowledge, nobody
has applied such functions to the theory of differential equations. In this paper, we will devote our work to this. Our
central question in this paper is to investigate the existence and uniqueness of remotely almost periodic solutions to
systems of differential equations with piecewise constant argument.
Consider the system of differential equations with piecewise constant argument
x˙(t) = Ax(t)+ Bx([t])+ f (t), t ∈ R (1)
and nonlinear differential equation with piecewise constant argument
x˙(t) = Ax(t)+ Bx([t])+ g(t, x(t), x([t])), t ∈ R, (2)
where A, B are constant matrices and A is nonsingular. f : R→ Rm and g : R× Rm × Rm → Rm are continuous.
[·] denotes the greatest-integer function. We say that a function x : R → Rm is a solution of Eq. (1) (or (2)), if the
following conditions hold:
(i) x is continuous on R.
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(ii) the derivative x˙ of x exists on R, except possibly at the points t = n, n ∈ Z, where one-sided derivatives exist.
(iii) x satisfies (1) (or (2)) in every interval (n, n + 1), ∀ n ∈ Z.
Throughout the paper, we denote the Frobeninus norm of a matrix, the Euclidean norm of a vector, and the modulus
of a complex number by the same symbol | · |. C(R,Rm) denotes the space of all bounded, continuous functions
f : R→ Rm with supremum norm ‖ f ‖ = supx∈R | f (x)|; AP(R,Rm) denotes the subspace of C(R,Rm) of almost
periodic functions [2,14].
The following two definitions can be found in [9].
Definition 1.1. A function f ∈ C(R,Rm) is said to be remotely almost periodic if the set
T ( f, ) =
{
a ∈ R : lim sup
|t |→∞
| f (t + a)− f (t)| < 
}
is relatively dense in R. The number a ∈ T ( f, ) is called the remote -translation number of f . Denote by
RAP(R,Rm) the set of all such functions.
Definition 1.2. A function f ∈ C(R,Rm) is said to be slowly oscillating if for every a ∈ R
lim|t |→∞ | f (t + a)− f (t)| = 0.
Denote by SO(R,Rm) the set of all such functions.
Now some remarks are in order. First, AP(R,Rm) ⊂ RAP(R,Rm). In fact, if f ∈ AP(R,Rm) then the
set T1( f, ) = {a ∈ R : ‖ f (· + a) − f (·)‖ < } is relatively dense in R [14, Theorem 1.1.10(v)]. Since
T1( f, ) ⊂ T ( f, ), f ∈ RAP(R,Rm).
Second, we assert that AP(R,Rm) is only a small part of RAP(R,Rm) in the following sense. For simplicity,
consider the case where m = 1 and complex-valued. Then, AP(R,Rm) is the C∗-subalgebra of C(R,Rm) generated
by {eiλt : λ ∈ R} [14]. Let SLP0<α<1 denote the C∗-subalgebra of C(R,Rm) generated by {eiλtα : λ ∈ R, 0 < α < 1}.
One sees that comparing AP(R,Rm) with SLP0<α<1 is the same as comparing one point with the interval (0, 1). It
is easy to see (or see [15–17] for the discussion) that SLP0<α<1 ⊂ SO(R,Rm) and only the constant functions are
in AP(R,Rm) ∩ SO(R,Rm). The main result in [9] shows that RAP(R,Rm) is the C∗-subalgebra of C(R,Rm)
generated by AP(R,Rm) and SO(R,Rm). Thus, the assertion follows.
The following two definitions are the discrete counterparts of Definitions 1.1 and 1.2 respectively.
Definition 1.3. A bounded sequence x : Z→ Rm is said to be remotely almost periodic if the set
T (x, ) =
{
a ∈ Z : lim sup
|n|→∞
|x(n + a)− x(n)| < 
}
is relatively dense in Z. The number a ∈ T (x, ) is called the remote -translation number of x . Denote by
RAP(Z,Rm) the set of all such sequences.
Definition 1.4. A bounded sequence x : Z→ Rm is said to be slowly oscillating if for every a ∈ Z
lim|n|→∞ |x(n + a)− x(n)| = 0.
Denote by SO(Z,Rm) the set of all such sequences.
To investigate the existence and uniqueness of remotely almost periodic solutions to (1) and (2), we have to study
basic properties of remotely almost periodic functions. We will do this in the next section.
2. Basic properties
Theorem 2.1. A necessary and sufficient condition for a sequence un to be remotely almost periodic is that there
exists an f ∈ RAP(R,Rm) such that f (n) = un , n ∈ Z.
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Proof. The sufficiency. Suppose such an f ∈ RAP(R,Rm) exists. Since RAP(R,Rm) is the closed subalgebra
of C(R,Rm) generated by AP(R,Rm) and SO(R,Rm), for  > 0 there exist g1, g2 ∈ AP(R,Rm) and ϕ1,
ϕ2 ∈ SO(R,Rm) such that ‖ f − [g1 + ϕ1 + g2ϕ2]‖ < /4. By Theorem 1.7.3 in [14], g1(n), g2(n) ∈ AP(Z,Rm).
If ϕ2 = 0. Let a be an /2-translation number of g1(n), then
| f (n + a)− f (n)| ≤ | f (n + a)− [g1(n + a)+ ϕ1(n + a)]| + |g1(n + a)− g1(n)|
+ |ϕ1(n + a)− ϕ1(n)| + | f (n)− [g1(n)+ ϕ1(n)]|
< /4+ /2+ |ϕ1(n + a)− ϕ1(n)| + /4.
Since ϕ1(t) ∈ SO(R,Rm), ϕ1(n + a)− ϕ1(n)→ 0 as |n| → ∞. Thus,
lim sup
|n|→∞
| f (n + a)− f (n)| < /4+ /2+ /4 = .
This shows that any /2-translation number of g1(n) is a remote -translation number of f (n) and so, f (n) = un ∈
RAP(Z,Rm).
In the case that ϕ2 6= 0, let δ = min{/4, /(4‖ϕ2‖)} and let a be a δ-translation number common to g1(n) and
g2(n). We show that a is a remote /2-translation number of g1(n) + ϕ1(n) + g2(n)ϕ2(n) and therefore, is a remote
-translation number of f (n) = un . Since
|g2(n + a)ϕ2(n + a)− g2(n)ϕ2(n)|
≤ |g2(n + a)ϕ2(n + a)− g2(n + a)ϕ2(n)| + |g2(n + a)ϕ2(n)− g2(n)ϕ2(n)|
≤ ‖g2‖|ϕ2(n + a)− ϕ2(n)| + ‖ϕ2‖|g2(n + a)− g2(n)|,
we have
lim sup
|n|→∞
|g2(n + a)ϕ2(n + a)− g2(n)ϕ2(n)| < /4.
Now,
lim sup
|n|→∞
|[g1(n + a)+ ϕ1(n + a)+ g2(n + a)ϕ2(n + a)] − [g1(n)+ ϕ1(n)+ g2(n)ϕ2(n)]|
≤ lim sup
|n|→∞
|g1(n + a)− g1(n)| + lim sup
|n|→∞
|ϕ1(n + a)− ϕ1(n)|
+ lim sup
|n|→∞
|g2(n + a)ϕ2(n + a)− g2(n)ϕ2(n)|
<

4
+ 
4
= 
2
and
| f (n + a)− f (n)| ≤ | f (n + a)− [g1(n + a)+ ϕ1(n + a)+ g2(n + a)ϕ2(n + a)]|
+ |[g1(n + a)+ ϕ1(n + a)+ g2(n + a)ϕ2(n + a)] − [g1(n)+ ϕ1(n)+ g2(n)ϕ2(n)]|
+ |[g1(n)+ ϕ1(n)+ g2(n)ϕ2(n)] − f (n)|.
Thus
lim sup
|n|→∞
| f (n + a)− f (n)| < 
4
+ 
2
+ 
4
= .
This shows that T { f (n), } is relatively dense in Z and f (n) is remotely almost periodic.
Conversely, assume that un is a remotely almost periodic sequence. Define the function f on R as
f (t) = un + (t − n)(un+1 − un) (n ≤ t < n + 1, n ∈ Z).
It is clear that f (n) = un . To show f ∈ RAP(R,Rm), we only need to show that T (un, /3) ⊂ T ( f, ). Let
a ∈ T (un, /3). If n ≤ t < n + 1, then n + a ≤ t + a < n + a + 1. Since
f (t + a)− f (t) = f (n + a)− f (n)+ (t − n){[ f (n + a + 1)− f (n + 1)] − [ f (n + a)− f (n)]}
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and 0 ≤ t − n < 1, we obtain
lim sup
|t |→∞
| f (t + a)− f (t)| < .
Thus, a ∈ T ( f, ). The proof is complete. 
Theorem 2.2. Let fi ∈ RAP(R,Rm), i = 1, 2, . . . ,m. Then for every  > 0 the set
T ( f1, f2, . . . , fm, ) =
{
a ∈ R : lim sup
|t |→∞
| fi (t + a)− fi (t)| < , i = 1, 2, . . . ,m
}
is relatively dense in R.
Proof. By the fact in the proof of Theorem 2.1, for fi ∈ RAP(R,Rm) there exist gi1, gi2 ∈ AP(R,Rm), ϕi1,
ϕi2 ∈ SO(R,Rm), and δi > 0 such that any δi -translation number a common to gi1 and gi2 is a remote -
translation number of fi . Let δ = min{δi : 1 ≤ i ≤ n}. Since the set of δ-translation numbers common to
gi j : i = 1, 2, . . . , n, j = 1, 2 is relatively dense in R [14, Theorem 1.1.19], so is the set of remote -translation
numbers common to fi : i = 1, 2, . . . , n. The proof is complete. 
The following corollary is a consequence of Theorems 2.1 and 2.2.
Corollary 2.3. Suppose that x(n) ∈ RAP(Z,Rm) and f ∈ RAP(R,Rm). Then T ( f, ) ∩ Z and T (x, ) ∩ T ( f, )
is relatively dense in Z.
3. Existence and uniqueness of the solutions
If x(t) is a solution of (1), then it is easy to obtain
x(t) = (e(t−n)A + (e(t−n)A − I )A−1B)x(n)+
∫ t
n
eA(t−u) f (u)du, n ≤ t < n + 1.
In view of continuity of solution, we have the following difference equation
x(n + 1) = Kx(n)+ h(n), n ∈ Z, (3)
where K = eA + (eA − I )A−1B and h(n) = ∫ n+1n eA(n+1−u) f (u)du.
Lemma 3.1. If f ∈ RAP(R,Rm) then h(n) ∈ RAP(Z,Rm).
Proof. For a ∈ T ( f, ) ∩ Z,
|h(n + a)− h(n)| =
∣∣∣∣∣
∫ n+a+1
n+a
eA(n+a+1−u) f (u)du −
∫ n+1
n
eA(n+1−u) f (u)du
∣∣∣∣∣
=
∣∣∣∣∣
∫ n+1
n
eA(n+a+1−(u+a)) f (u + a)du −
∫ n+1
n
eA(n+1−u) f (u)du
∣∣∣∣∣
=
∣∣∣∣∣
∫ n+1
n
eA(n+1−u)[ f (u + a)− f (u)]du
∣∣∣∣∣
≤ sup
u∈[n,n+1]
| f (u + a)− f (u)|
∣∣∣∣∣
∫ n+1
n
eA(n+1−u)du
∣∣∣∣∣ .
Since ∫ n+1
n
eA(n+1−u)du = eA(n+1)
∫ n+1
n
e−Audu = A−1(eA − I ),
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we have
lim sup
|n|→∞
|h(n + a)− h(n)| ≤ lim sup
|n|→∞
|A−1(eA − 1)|| f (n + a)− f (n)|.
One sees that the remotely almost periodicity of f implies the remotely almost periodicity of h(n). The proof is
complete. 
Theorem 3.2. If |K | 6= 1 and h(n) ∈ RAP(Z,Rm), then the difference Eq. (3) has a solution inRAP(Z,Rm).
Proof. By [8], a solution is
x(n) = −
+∞∑
i=n
K n−i−1h(i), |K | > 1,
x(n) =
n−1∑
i=−∞
K n−i−1h(i), |K | < 1.
We only need to show the theorem for the case |K | > 1. Similarly one shows the theorem for the other case. For
a ∈ T (h, ),
|x(n + a)− x(n)| =
∣∣∣∣∣− +∞∑
i=n+a
K n+a−i−1h(i)+
+∞∑
i=n
K n−i−1h(i)
∣∣∣∣∣
=
∣∣∣∣∣+∞∑
i=n
K n−i−1[h(i + a)− h(i)]
∣∣∣∣∣ ≤ +∞∑
i=n
|K |n−i−1|h(i + a)− h(i)|
≤
+∞∑
i=n
|K |n−i−1 sup
i≥n
|h(i + a)− h(i)| = |K |
−1
1− |K |−1 supi≥n |h(i + a)− h(i)|.
One sees that the remotely almost periodicity of h(n) implies the remotely almost periodicity of x(n). The proof is
complete. 
Theorem 3.3. If |K | 6= 1, then the Eq. (1) has a remotely almost periodic solution for every f ∈ RAP(R,Rm). In
addition, if all the roots λ1, λ2, . . . , λm of the equation det(λI − K ) = 0 are single and |λi | 6= 1, i = 1, 2, . . . ,m,
then the bounded solution is unique.
Proof. By Lemma 3.1 and Theorem 3.2, (3) has a solution x(n) ∈ RAP(Z ,Rm). Then the function
x(t) = (e(t−n)A + (e(t−n)A − I )A−1B)x(n)+
∫ t
n
eA(t−u) f (u)du, (n ≤ t < n + 1)
is a solution of (1). Now we show that x ∈ RAP(R,Rm). In fact, for a ∈ T (x(n), ) ∩ T ( f (t), ),
|x(t + a)− x(t)|
=
∣∣∣∣(e(t−[t])A + (e(t−[t])A − I )A−1B)x([t] + a)+ ∫ t+a[t]+a eA(t+a−u) f (u)du
− (e(t−[t])A + (e(t−[t])A − I )A−1B)x([t])+
∫ t
[t]
eA(t−u) f (u)du
∣∣∣∣
≤
∣∣∣(e(t−[t])A + (e(t−[t])A − I )A−1B)∣∣∣ |x([t] + a)− x([t])| + ∣∣∣∣∫ t[t] eA(t−u)( f (u + a)− f (u))du
∣∣∣∣
≤ M |x([t] + a)− x([t])| + sup
[t]≤u≤t
| f (u + a)− f (u)|
∣∣∣∣∫ t[t] eA(t−u)du
∣∣∣∣ ,
where M = maxt∈[0,1] |(e(t−[t])A + (e(t−[t])A − I )A−1B)|. Note that
∫ t
[t] e
A(t−u)du = A−1(eA − 1), x(n) ∈
RAP(Z,Rm) and f (t) ∈ RAP(R,Rm). It follows that the solution x(t) ∈ RAP(R,Rm).
766 C. Zhang, L. Jiang / Applied Mathematics Letters 21 (2008) 761–768
If there is another bounded solution of Eq. (1), denote it by y(t), then y(t)− x(t) is a solution of the corresponding
homogeneous equation, thus, y(n)− x(n) is a solution of the homogeneous difference equation
z(n + 1) = Kz(n).
Hence, there exist constant vectors α1, α2, . . . , αm ∈ Rm , such that
y(n)− x(n) = λn1α1 + λn2α2 + · · · + λnmαm .
From the boundedness of the solution, we conclude y(n) − x(n) ≡ 0, n ∈ Z. This implies that y(t) = x(t), for all
t ∈ R. The proof is complete. 
Now we start to set up some results of Eq. (2). In the following we assume that the function g in (2) satisfies the
Lipschitz condition:
|g(t, x1, y1)− g(t, x2, y2)| ≤ η[|x1 − x2| + |y1 − y2|], (t ∈ R, x1, y1, x2, y2 ∈ Ω),
where η > 0 is a constant and Ω is any compact subset of Rm .
To show the next theorem we need a lemma.
Lemma 3.4. Suppose that y ∈ RAP(R,Rm) and g(t, ·, ·) satisfies the Lipschitz condition and is a remotely
almost periodic function in t and uniform on compact subset of Rm × Rm . Then the function g(t, y(t), y([t])) ∈
RAP(R,Rm).
Proof. Since y is bounded, we can choose a bounded closed subset Ω of Rm × Rm such that (y(t), y([t])) ∈ Ω for
all t ∈ R. That g(t, ·, ·) is remotely almost periodic function in t and uniform on compact subset of Rm × Rm mean:
the set
T (g, ,Ω) =
{
a ∈ R : lim sup
|t |→∞
|g(t + a, x, y)− g(t, x, y)| <  for all (x, y) ∈ Ω
}
is relatively dense in R. Note that [t + a] = [t] + a for a ∈ T (y, ) ∩ T (g, ,Ω) ∩ Z and t ∈ R, one has
|g(t + a, y(t + a), y([t + a]))− g(t, y(t), y([t]))|
≤ |g(t + a, y(t + a), y([t] + a))− g(t, y(t + a), y([t] + a))|
+ |g(t, y(t + a), y([t] + a))− g(t, y(t), y([t]))|
≤ |g(t + a, y(t + a), y([t] + a))− g(t, y(t + a), y([t] + a))|
+ η[|y(t + a)− y(t)| + |y([t] + a)− y([t])|].
Thus
lim sup
|t |→∞
|g(t + a, y(t + a), y([t + a]))− g(t, y(t), y([t]))|
≤ lim sup
|t |→∞
|g(t + a, y(t + a), y([t] + a))− g(t, y(t + a), y([t] + a))|
+ η
[
lim sup
|t |→∞
|y(t + a)− y(t)| + lim sup
|t |→∞
|y([t] + a)− y([t])|
]
.
One sees that the remotely almost periodicity of g and y implies the remotely almost periodicity of g(t, y(t), y([t])).
The proof is complete. 
Theorem 3.5. Suppose that g(t, x, y) is remotely almost periodic in t and uniform on compact subsets of Rm × Rm ,
satisfies Lipschitz condition
|g(t, x1, y1)− g(t, x2, y2)| ≤ L(|x1 − x2| + |y1 − y2|) (t ∈ R, x1, x2, y1, y2 ∈ Rm),
where L is a positive constant and satisfies L < 12 (
M |K |−1e|A|
1−|K |−1 + e|A|)−1, and |K | > 1 (if |K | < 1 then we assume
L < 12 (
M |K |e|A|
1−|K | + e|A|)−1). If all the roots λ1, λ2, . . . , λm of the equation det(λI − K ) = 0 are single with |λi | 6= 1,
i = 1, 2, . . . ,m, then (2) has a unique remotely almost periodic solution.
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Proof. For any ϕ ∈ RAP(R,Rm), by Lemma 3.4 g(t, ϕ(t), ϕ([t])) ∈ RAP(R,Rm). By Theorem 3.3, the following
equation
x˙(t) = Ax(t)+ Bx([t])+ g(t, ϕ(t), ϕ([t]))
has a unique solution Tϕ ∈ RAP(R,Rm). Thus, T is a mapping from RAP(R,Rm) into itself. For any ϕ,ψ ∈
RAP(R,Rm), Tϕ − Tψ satisfies the following equation
z˙(t) = Az(t)+ Bz([t])+ g(t, ϕ(t), ϕ([t]))− g(t, ψ(t), ψ([t])).
So we have
Tϕ(n + 1)− Tψ(n + 1) = K (Tϕ(n)− Tψ(n))+ H(n),
where H(n) = ∫ n+1n eA(n+1−u)[g(u, ϕ(u), ϕ([u]))− g(u, ψ(u), ψ([u]))]du.
As the proof of Theorem 3.3, Tϕ − Tψ is the unique remotely almost periodic solution and for the case |K | > 1,
Tϕ(n)− Tψ(n) = −
+∞∑
i=n
K n−i−1H(i).
One gets
|Tϕ(n)− Tψ(n)| ≤ |K |
−1
1− |K |−1 supi≥n |Hi | ≤ 2
|K |−1e|A|
1− |K |−1 L supu∈R |ϕ(u)− ψ(u)|.
It follows that
|Tϕ(t)− Tψ(t)| ≤ 2
(
M |K |−1e|A|
1− |K |−1 + e
|A|
)
L sup
u∈R
|ϕ(u)− ψ(u)|.
Since L < 12 (
M |K |−1e|A|
1−|K |−1 + e|A|)−1, the mapping T : RAP(R,Rm) → RAP(R,Rm) is a contraction. Since
RAP(R,Rm) is a Banach space, there exists ϕ ∈ RAP(R,Rm) such that Tϕ = ϕ. Similar argument applies to
the case |K | < 1. The proof is complete. 
Example 3.6. Let f = sin λt cos t1/3. Obviously, f 6∈ AP(R,Rm). But by [9], f ∈ RAP(R,Rm) for m = 1.
Choose any numbers A and B such that K 6= 1. In this case, it is probably impossible (even possible, that will be
extremely complicated) to calculate h(n), x(n) and x(t) though they all exist. However, by Theorem 3.3, we are able
to conclude that the Eq. (1) has a unique solution and this solution is in RAP(R,Rm). This is the power of main
results of the paper.
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